The pseudo-spectral method with the Chebyshev and Legendre polynomials are used in order to compute the electric potential for a rodlike macromolecule located in salt free solution via the Poisson-Boltzmann equation (PBE). Afterwards, verification of the method is demonstrated for a long macromolecule as well as a large plate for which the behaviors can be properly explained by a one-dimensional PBE. It is concluded that the method based upon the Chebyshev polynomials with the specified collocation points is more accurate than the technique based on the Legendre polynomials with the same number of points. As a macromolecule has a rodlike shape, a two-dimensional PBE is considered, which corresponds to a much more realistic case. To solve the PBE, the concentration of the macromolecule in the solution and the electric field are used to compute the height and radius of the unit cell, which are obtained to be as 16.7 and 8.1 nm, respectively. It is worth noting that numerical computation of the PBE for a macromolecule with a finite length has not been reported previously using the pseudo-spectral method. The results given in this work can be appropriately used for stiff fragments of DNA and actin filaments. 
Introduction
Electric charges and electrostatic interactions are ubiquitous in soft matter and biological systems [1, 2] such as muscle, membrane, and protoplasm [3, 4] . Soft materials are typically composed of macromolecules such as polymers, colloids and proteins, which often acquire surface charges when dissolved in a polar solvent like water. In recent years, the clustering of small ions around large, highly charged polyelectrolytes has been a major subject of interest in the field of electrolytes and polymers. Furthermore, the charged materials are considered as appropriate candidates for many technological applications, and on the other hand, a challenging subject for fundamental research in interdisciplinary sciences [5] . Moreover, the PBE has been used for electrostatic interactions between biological molecules in the saline and salt free solutions, which gives adequate description regarding the steady state electrostatic solution [6] [7] [8] .
To solve this partial differential equation (PDE), the finite element method (FEM) has the limitations such as various instabilities in solution. To remove this difficulty, it is usually attempted to solve the PDE using smaller elements. This makes that the solution be difficult and in some cases impossible by the personal computers. In order to remove this limitation, some contributions in this field have been done using the meshless approaches [9] such as spectral element method (SEM), finite difference method [10] , alternating-direction Sinc-Galerkin method (ADSG) [11] , quadratic spline collocation method (QSCM) [12] , Liu and Lin method [13] . It is notable that, the orthogonal functions and polynomials are employed in the SEM in order to transform the PDE into a set of equations [14] [15] [16] [17] [18] . This can be carried out by truncation of the series as well as the collocation method [19, 20] .
In this work, the PBE is solved for a finite rodlike macromolecule in salt free solution via the pseudo-spectral method. Some examples for such macromolecules are stiff fragments of DNA or actin filaments [21] . It is worth mentioning that numerical solution of the PBE for a macromolecule with a finite length has not been reported in the literature previously using this approach. The basic idea of all numerical techniques is to approximate any function by polynomials. Various types of numerical methods can be generated depending on the choice of trial functions or polynomials. In this paper, we are interested in spectral methods so that the global polynomials are the Legendre or the Chebyshev functions. The pseudo-spectral approach interpolates the solution of the differential equation with high accuracy based on least squares method [22] [23] [24] . It is notable that in our previous article [25] , the FEM was used with the limitation which has been recently mentioned. Whereas, spectral techniques are basically more evolved in comparison with finite difference schemes, because they allow us to obtain satisfactory accuracy with merely moderate computational resources. Moreover, in our previous work [25] the dimensions of the unit cell were considered using the concentration of counter ions [26, 27] . Whereas, in the present study the dimensions of the unit cell are computed by taking into account the concentration of the macromolecule as well as computation of the corresponding electric fields using the Coulomb's law.
The article is organized as follows. The mathematical formalism and model are given in ''Mathematical description and model". The numerical results are presented in ''Numerical results and discussion". Finally, the paper is ended by a conclusion in ''Conclusion".
Mathematical description and model
A two-dimensional nonlinear PBE in salt free solution has the following form. 
where the dimensionless parameter y ¼ eU=k B T is the reduced potential, and K 2 ¼ 8pl B n denotes the screening potential in which l B ¼ e 2 =4pek B T is defined as the Bjerrum length. In the relation, k B and T stand for the Boltzmann constant and the temperature of the solution, respectively. The z axis is selected as the common axis of the charged macromolecule and the unit cell. The inside of the unit cell is electrically charged with the same electric charge in magnitude and opposite to that of the macromolecule, the socalled the counter-ions. Thus, it guarantees that the unit cell is electrically neutral. One can find from the literature [26] that the radius of the unit cell is reported as follows:
where b and c are the distance between the two ionic groups and the concentration of the counter ions, respectively. It should be noted that the volume charge density of the counter-ions is not constant; instead it follows the Boltzmann distribution, and consequently Eq. (2) for R 0 cannot be correct. The following process demonstrates the exact values of the unit cell dimensions via our reasonable analysis. The volume of each unit cell can be properly obtained via the following formula
In the relation (3), the quantities v, C, N and V are the volume of the unit cell, the concentration of the macromolecule, the number of the macromolecules in the solution and the volume of the solution, respectively. Moreover, R and L stand for the radius as well as the height of the unit cell. Afterwards, the electric field of the macromolecule with surface charge density is computed using the Coulomb's law. As a consequence, the mean electric field is given as
By using Eqs. (5) and (6) the ratio of ion concentrations around the macromolecule is specified. It should be noted that the electric field in each direction is proportional to the ion concentration and the dimensions of the unit cell. Hence, the definition mentioned below is valid
Moreover, the volume of the unit cell is obtained by using the macromolecule concentration, which is calculated from Eq. (3). Eqs. (7) and (4) result in a set of nonlinear equations, which can be properly solved. Thus, for the macromolecule with the radius a = 0.5 nm and height l = 12 nm and also by considering the concentration of the macromolecule as C ¼ 4:8 Â 10 À4 M [27] , the quantities R as well as L are obtained to be equal to 8.1 nm and 16.7 nm, respectively. Afterwards, analytical derivations for the two extreme cases are presented as follows in order to show the validity of our approach. The first case is related to a one-dimensional PBE, which corresponds to a long macromolecule having a radius of 0.5 nm [27] in a salt free solution. The biological equivalent is indicated as the tobacco mosaic virus, which is a rodlike polyelectrolyte, and consequently, the results can be applied to study its behavior [26] . The one-dimensional PBE for the salt free solution has the following form [28] :
where the following boundary conditions should be satisfied dy dr
In the relation, the quantity n, the so-called the Manning parameter is equal to:
One can find from the literature that the exact solution of Eq. (8) has the following form [26, [28] [29] [30] :
By substituting Eq. (11) into the boundary conditions (9), the constants b and R M are computed to be 0.8 and 2.6 nm, respectively. The second case, which also shows the validation of our analysis, is related to a one-dimensional PBE corresponding to a large plate for the salt free solution. The governing equation for the mathematical behavior of the system is given below
The appropriate boundary conditions for the aforementioned equation are as follows dy dz
The boundary conditions are applied for the surface of the plate which is defined by z = 0, as well as the height z = l for which the electric charge in the region 0 < z < l is considered to be equal to that of the plate, namely z = 0. By multiplying Eq. (12) with dy=dz, and hence, integrating with respect to z in the interval [l, z] as well as use of the boundary condition ðdy=dzÞ z¼l ¼ 0, one can obtain dy dz
By integrating Eq. (14) over the same interval and performing some algebraic manipulations, the relation below may be obtained
where y l means the value of y for a given l. Substituting Eq. (15) into the boundary condition
By solving Eq. (16), the value of y l may be computed. The aforementioned analytical formulas, namely Eqs. (11) and (15), will be used in the next section in order to demonstrate the reliability of our approach.
In this article, the main objective is to solve the twodimensional PBE based on the pseudo-spectral method. First, the mathematical formulation for a one-dimensional equation is discussed, and afterwards the stages for solving the twodimensional PBE are presented.
Discretization of the PBE via the pseudo-spectral method
As stated above, this method interpolates the solution of the differential equations based on the least squares approximation. Therefore, the solution of the differential equation is properly approximated as follows.
yðrÞ ' uð rÞ ¼ X N n¼0 a n / n ð rÞ;
where a n for n = 0,. . ., N are the coefficients should be specified. Whereas, / n ð rÞ is the orthogonal function, which can be considered as the Legendre polynomials or Chebyshev functions with the argument r in the interval [À1, 1]. Hence, the relation below is able to reproduce the corresponding interval for r, namely ½a; R,
Substituting Eqs. (17)- (19) into Eq. (8) gives the following set of nonlinear equations
with the boundary conditions below 2 ðR À aÞ
Eqs. (20)- (22) form a set of nonlinear equations as follows. 
This set of equations can be presented in the matrix form. First, the matrix of the derivative of the Chebyshev functions is defined as follows. 
if N is odd, then the matrix denoted by D T is reduced to 
whereas, if N is even, the following matrix is obtained 
In what follows, the mathematical formulation of the pseudospectral method is discussed for a two-dimensional equation. 
The pseudo-spectral method can be applied for solving PDEs on an arbitrary computational domain. To have an accurate pseudospectral method, we should divide the computational domain into some sub-domains. Also, on each sub-domain, the corresponding physical equation must be defined. Furthermore, each subdomain must be converted to reference sub-domain, namely X s ¼ ½À1; 1 Â ½À1; 1, for distributing the used collocation points in pseudo-spectral method. Using more sub-domains enables us to overcome the round-off error in computer system. Therefore, in order to apply the pseudo-spectral technique, the domain is divided into six sub-domains with minimum divisions, which is depicted in Fig. 1 . To obtain an approximate solution of Eq. (1) the following polynomial form is used. 
The intervals [a, b] and [c, d] are determined in each sub-domain as illustrated in Fig. 1 . In Eq. (35), a nm for n = 0,. . ., N and m = 0,. . ., M are the coefficients should be obtained. Moreover, / n ð rÞ and / m ð zÞ are the orthogonal functions, which either the Legendre polynomials or the Chebyshev functions can be considered with the arguments r and z lying in the interval [À1, 1]. Eq. (35) is subjected to the following boundary condition for the macromolecule stated in this study
where n is normal unit vector to the surface from outside to inside of the macromolecule. Furthermore, r ¼ e 2pab stands for the surface charge density of the macromolecule [28] . Besides, D inside and D outside denote the electric displacement vectors for the inside and outside of the macromolecule, respectively. Therefore, the Neumann boundary conditions on the macromolecule can be written in the following form 
The dielectric constant of the macromolecule is usually taken to be approximately 3 [31] . For the boundaries with no surface charge density, Eq. (38) yields 
It is notable that by considering the same boundary condition for each sub-domain in common boundaries, i.e. the boundaries with no surface charge, the same number of equations appears in the set of equations. As a conclusion, the set of equations cannot be solved. Therefore, it is necessary that for each common boundary the Dirichlet boundary condition is attributed to a sub-domain and the Neumann boundary condition is attributed to another subdomain. For this purpose, the Dirichlet boundary conditions are mentioned in addition to the Neumann boundary conditions, i. 
With due attention to the electroneutrality of the system, the Neumann boundary condition for the unit cell is shown below. 
The partial differential Eq. (35) with the boundary conditions defined by Eqs. (38)-(43) should be solved. These form a set of nonlinear equations. We did not present the matrix forms due to the complexity of this set of equations.
Numerical results and discussion
One can see from Fig. 2 that the dimensionless reduced electric potential, which is obtained from the analytical solution, i.e. Eq. (11) , is compared with our numerical method for onedimensional PBE corresponding to a long macromolecule. It is notable that, in our method, orthogonal functions such as the Legendre polynomials and Chebyshev functions based on the various numbers of points are used. Afterwards, the error of the presented method is computed.
As a conclusion, the accuracy of the Chebyshev functions with specified number of collocation points (Chebyshev-Gauss) is more than that of the Legendre polynomials with the same number of points (Legendre-Gauss-Lobatto). This is an expected result because the interpolation using the Chebyshev nodes has minimum error based on an infinity norm [15, 32] . Besides, it is concluded that by considering merely 25 collocation points, one may approach the exact solution, which satisfies the enough accuracy in our numerical method.
In Fig. 3 , validations for the two-dimensional PBE are performed for the two extreme cases of infinite length and large plate, which are properly explained by a one-dimensional PBE. The analytical solutions corresponding to the cases are shown from Eqs. (11) and (15), respectively. It is worth mentioning that, the results obtained from the pseudo-spectral method merely on the basis of the Chebyshev functions are plotted in Fig. 3 due to the higher accuracy in comparison with the Legendre polynomials. As shown in the figure, satisfactory agreements are found between the analytical and numerical solutions.
The solution of the two-dimensional PBE as a function of r and for various values of z is illustrated in Fig. 4 . It should be noted that in the analysis, the values for the radius and height of the unit cell are considered to be as 8.1 and 16.7 nm, respectively. In addition, for more clarification, the solution of the two-dimensional PBE in three dimensions is plotted in Fig. 5 .
Conclusion
The height and radius of the unit cell were properly obtained to be as 16.7 nm and 8.1 nm, respectively, considering the macromolecule concentration as well as the corresponding electric fields. Afterwards, for a rodlike macromolecule in the salt free solution, the electric potential was computed by solving a twodimensional PBE based upon the pseudo-spectral method. Besides, for the two special cases, comparisons were made between our numerical results and the analytical solutions for onedimensional PBE, and good agreements were found. We drew a conclusion that, for the same number of points, the method based on the Chebyshev functions is more accurate as compared to the method based upon the Legendre polynomials. Moreover, it was concluded that by considering 25 collocation points for r and z, the exact enough solution can be obtained, which demonstrates efficiency of our numerical method. It is notable that numerical solution of the PBE for a rodlike macromolecule has not been reported in the literature previously using the pseudo-spectral method. 
